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On a Cluster Expansion for Lattice Spin Systems:
A Finite-Size Condition for the Convergence

Enzo Olivieri’>
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A study is made of the statistical mechanics of classical lattice spin systems
with finite-range interactions in two dimensions. By means of a decimation
procedure, a finite-size condition is given for the convergence of a cluster expan-
sion that is believed to be useful for treating the range of temperature between
the critical one T. and the estimated threshold T, of convergence of the usual
high-temperature expansion.
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1. INTRODUCTION

In this paper we study some aspects of the statistical mechanics of a class of
lattice spin systems. To introduce the kind of problem we want to deal
with, consider the case of a standard ferromagnetic spin system above its
critical temperature 7.=inf{7: spontaneous magnetization m*(7)=0}.
The following features are expected to hold for these systems: uniqueness of
the Gibbs state, rapid decay of correlations, and analyticity of thermo-
dynamic functions; but all these nice properties are far from being proved
in general. The theory of the high-temperature pure phase has been
developed in general only for very weakly coupled systems.

The usual approaches, such as the Gallavotti-Miracle Sole!®
equations, are useful far from the critical point; in other words, they work
only for temperatures 7> T, where T, is strictly larger than T.. The above
high-temperature expansions are basically perturbation theories around a
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reference system composed of independent spins. In order to get con-
vergence of the series expansions, all the interactions (even among nearest
neighbor spins) are required to be small and so the basic length scale in
that case is just the lattice spacing. Let us call “intermediate temperatures”
the values T in the range 7. < T < T,.

The aim of the present paper is to provide, in some cases, a pertur-
bation theory that, at least in principle, can allow one to treat the
intermediate temperature region. For technical reasons we limit ourselves
to the two-dimensional case; moreover, for the sake of simplicity of the
exposition, we only consider short-range spin systems with finite single-spin
state. Generalizations including long-range, rapidly decaying interactions
as well as general compact spin systems do not present any particular dif-
ficulty. On the other hand, the extension of our approach to three or more
dimensions certainly seems to be possible, but it is somehow involved from
a geometric point of view. We hope to be able in the future to simplify
these geometric aspects. In this paper we just present some useful ideas for
investigating the intermediate temperature region. We cannot really prove
a general convergence result for a perturbative theory in this range of tem-
peratures. For the moment we only give a “constructive criterion” similar
to the one introduced by Dobrushin and Shlosman‘®: as in their approach,
we reduce the problem of the convergence to an explicit condition that can
be verified by means of a computer.

This condition refers to the statistical mechanical behavior of a finite-
size system. One can reasonably expect that for any temperature 7> T,
there exists a size so large that our condition is satisfied for this size (see
below). In this way any temperature 7> T, could be treated via a
convergent cluster expansion, but of course the size needed to verify the
condition would have to increase to infinity as 7— T ,.

Let us now explain the basic ideas of our approach. The starting point
of our analysis is the following, quite trivial, remark: a lattice system above
its critical temperature T, behaves like a weakly coupled system on a scale
large with respect to the correlation length at this temperature. To show
this behavior, we adopt a renormalization group philosophy. We apply to
our system a “decimation procedure” (see, for instance, Ref. 9) and in this
way we get a physically equivalent system whose effective interaction, in
some particular circumstances, can be weaker than the original one. This
effective decreasing of the interaction is expected to hold when the size of
the blocks that are involved in the decimation transformation is of the
same order of magnitude as the correlation length.

As is well known, the renormalization group methods were introduced
in order to study the critical phenomena, but there are also applications in
which a finite number of renormalization group transformations are used
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to analyze a given system in the proper finite length scale and in this way
to reach the weak coupling region. A simple example is provided by the
one-dimensional, short-range Ising systems. Even in this trivial case, where
T.=0, the usual cluster expansions converge absolutely only for T
sufficiently large; nevertheless, for any 7> 0, after a suitable decimation
procedure on a scale L(T) (large in comparison with the inverse of the gap
of the transfer matrix at the corresponding temperature), we get an effective
interaction which is weak enough to allow the convergence of a cluster
expansion. See Refs. 2 and 3 for more details (in those papers the more
complicated case of one-dimensional systems with long-range interactions
decaying like 1/r**¢ was considered). Similar arguments are also used in
percolation theory: see, for instance, Ref. 11.

Let us now come back to the present work. As we have said, we give
an explicit condition for the convergence; it is related to some particular
finite-volume mixing properties: a “small parameter” for the expansion will
be provided by a sort of finite-volume truncated correlation function.
Moreover, the reference system around which we perform our perturbative
expansion is not universal (as in the standard high-temperature expan-
sions): it is model-dependent and is related to some finite-volume system
with nontrivial correlations.

The paper is organized as follows: in Section 2 we give the basic
definitions, transform our original system into a polymer system by means
of a block decimation procedure, and state the main result. In Section 3 we
study some sufficient conditions for the convergence of the cluster expan-
sions and discuss the equivalence with the conditions of Dobrushin and
Shlosman.

2. DEFINITIONS AND RESULTS

Given A < Z?, the configuration space in A is the set S, = {0, 1,.., n}4,
nc N: a configuration in S, is a map ¢,: 4 — {0, 1,.., n}. We denote by
|4} the cardinality of a finite set 4 < Z% We suppose, given a potential
U={Uy, X<Z? |X| <0}, Uy: Sy— R, such that:

(1) 3Ir,>0: Uy=0 if diam X > r, (finite range).
(i) VX<=Z% |X| <o, VkeZ*: Uy, = Uy (translation invariance).

Given a finite volume A4 < Z% we denote by H ,(o ) the energy associated
to the generic configuration ¢,e S, multiplied by —1/7 (T being the
temperature). It is given by

1
H(o,)= “‘7: Z Uy(oy) (2.1)

XcAa
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Given two disjoint finite regions A4, and 4,, we define the interaction
between A4, and A, as the real function W, 4, on S, ® S, given by

WA], Az(o-/llﬁ 0-Az) = HAlqu(O-Ap UAz) - HA;(GAl) - HA;(O-Az) (22)

Of course W ,, 4, =0 if dist(A4,, 4,)>r,.
The finite-volume Gibbs measure with “empty boundary conditions”
(no interaction with the exterior) is given by

exp H 4(o 4)

talo,)= 7, (2.3a)
Zy= ) expHjyo,) (2.3b)
o’AESA
Given a finite A4 = Z?, we call the “outer boundary” of A the set
04 = {ke Z\A: dist(k, A)<ry} (2.4)

Given a spin configuration t€.5;, the finite-volume Gibbs measure in 4
with boundary condition  is given by

explH (04)+ W s4(04, 7)] (2.5)
zy -

uylo,)=

Zy= 3 exp[H(0)+W,:4(04,7)]
g Sy
The quantity Z ,(Z7) is called the partition function in 4 with empty
(t) boundary conditions.
Let us now introduce a partition of Z? into blocks. Suppose L is an
odd integer. For k= (k,, k,)e Z* (k,, k,€ Z being the coordinates of k)
with k, + k, even, we consider the set

L— L
Ak={h (hy, hy)e Z%: —T+k12L<h12\

—1
+k1’2L}

For k= (k,, k,) e Z* with k, + k, odd we consider the set

= L— L
B, = { =(hy, hy)e Z*: —T+k12L<h12\

—1
rhuat)

Suppose [ is an even integer < L. For any k= (k,, k,) e Z* we define

[—1 L -1 L
Ck={hE(h1,h)eZZ ——2—+2+k12L<h12\ 5 +2+k12L}



Cluster Expansion for Lattice Spin Systems 1183

If we associate to each lattice site k € Z* the square of edge 1 and center k,
then the sets Ak, B,., k= (k,, k,), k' =(k}, k), can be identified as the
squares of edge L and centers x = (k, L, k, L), x' = (k| L, k5 L), respectively,
whereas C, becomes the square of center x=(k, L+ L/2, k, L+ L/2) and
edge L

The set of all the 4, and B, constitutes a chessboard partition of Z?;
any C, overlaps two A blocks and two B blocks. We define the blocks

w=dil[ 2o (Y6
A L)

TR MR TR B

ki + ky even ki + k5 odd k"ez?

We have

We will choose L, /
LR2<i<L—1 (2.7)

in such a way that the interaction between any two blocks of the same kind
vanishes: L/2>r, is a possible choice. Given a set Q2 < Z2, we define

a(Q) = {A;| 4, =2}
b(Q)={B,|B, =2}
o(Q)={Cc|C, =2}
a'(Q)={A4,|dist(4,, 2)< 1}
b'(Q)= {By|dist(B,, 2)< 1}
(Q)={C,|dist(Cy, 2)< 1}
Given a set of blocks I” (of 4, B, or C type), we define the support I" of I’

as the subset of Z? given by the union of the blocks of I". So we have

Ag e a() A=
Analogous definitions hold for 5(RQ), &), a'(2), 5'(2), and &'(2).

Notation. «, 8, 7, will denote the spin configuration in 4,, B,
C, respectively (a, € S 4,, etc.). Given a set Q< Z7, a,,, Ba, 7, will denote
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spin configurations in a(), 5(2), &(R); «, B, y denote spin configurations
in the union of all 4, B, C blocks, respectively:

o€ Sy et

We often use «, f, y to denote arguments of cylindrical functions that in
fact depend only on the restriction of configurations to particular subsets
that will be understood from the context.
We set
H(a)=H 4 (o)
H(Bx)=Hp(Br) (29)

H(y,) EHck(?k)
Given Q = Z?, we set

Ho(a)= Z Hioy)

A€ a(€2)
Ho(f)= Y H(B) (2.10)
By e b(2)
Ho(y)= Y H()
Crec(£2)

Moreover, we denote by W(y,, B) the interaction between the block C,
and the contiguous B blocks and by W(y,, a;) the interaction between the
block C, and the contiguous A and B blocks:

Wi BY=We scoVis B)

(2.11)
Wiy, aB)= ch,z'(ck)uﬁf(ck)(?k’ (Ba))

We set

Won. B)= Y W B) (2.12)
Crec(2)

Analogous definitions hold for W(f,, a), Wa(B, a), Waly, af), etc.

Notice that generally Wq(f, o) # Wala, f).

To simplify the notation, we often write 3, for 3,.s,,; 2« for
Dare s CLC.

We consider a system enclosed in a box A=A, defined in the
following way: let Q, be the square given by

/—1 [—1
Qp={<h5(hl, h2)622: —F—‘Z—'—Lghl,z< +p_‘2—_>}



Cluster Expansion for Lattice Spin Systems 1185

Then

4,=40,)vb(Q,)viQ,)

We notice that the shape of 4, is approximately but not exactly that of a
square; in fact, 4, is obtained from Q, by eliminating the C blocks that
intersect the boundary and are not completely contained in Q,.

We consider empty boundary conditions and we want to compute the
corresponding partition function in 4, [see Eq. (2.3b)]. By integrating first
over the y variables, then over the f’s, and eventually over the o’s, we
transform our original spin system into a polymer system (see Refs. 8
and 10). Notice that L and / are at the moment free parameters (with the
restrictions L2 </<L—1, L/2>r,). We can write

Z,= Z exp[H 4(0,4)]

o485y

=) exp[H (@)1 exp[H 4(B) + W 4(B, 2)]
a B

x Y exp[H 4(y) + W 4(v, aB)] (2.13)

7

[see Egs. (2.9)-(2.12)].
By performing the sum over the y variables, we get

Zy=Y exp[H ()]Y exp(H (B)+ W, (B 0)] [T Ze(B o) (2.14)
o B Crec(d)
where

Z(B, o) =Z8F =3 exp[H(yi) + W(ys, )] (2.15)

Yk

Notation. Given any finite set Q = Z?> we order the A blocks in
a(2) according to the lexicographic order of their centers: (k;, k,)<
(ki kS)if by <k or k, =k}, ky <k}, and we write

a(2)= A4,(2), 4,(Q),..., ANR)

where N = [a(£2)| is the number of 4 blocks in a(2). We do the same for
b(82), «(2), a'(Q), b'(R2), ¢'(Q).
So, given a block C,, we have

b(Ck)=B1(Ck)a Bz(Ck); a(Ck)zAl(Ck)7 AZ(Ck)
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For B,€S5(Cr), B2€S5,(Cr), 2, € 84(Cp), 2, € 8 4,(Cy), we write explicitly

ZCk(ﬁs CX) = ZCk(ﬁla ﬁZ’ als (12)

We use the trivial identity

ch(ﬁn Basays 22)
=[Ye (B, a)+1]
% Zc(B1,0, 04, 0,) Zc, (0, B2, 21, %) Z,(0,0,0,0)

2.16
Z0y(0,0,2,,0) Z (0,0, 0, ) (216)
where
ka(ﬂ’ (1) = lka(ﬁl’ BZ’ Oy, a2)
=ch(ﬁ1, Ba, oy, 23) ch(O, 0, oy, ay)
ch(ﬂn 0, ay, ay) ch(Oa B, oy, 25)
ZCk(Oa 05 Gy 0) ZCk(Oa 0’ 05 (Xz) 1 (217)

* ZCk(Oa Oa Ay, a2) ZCk(Oa 09 07 0)_

and the symbol 0 in the argument of Z, means that in the corresponding
block we have chosen the configuration ¢, =0.

For example, in the case Z(f;,0, a,,a,) we have the partition
function in the block C, with boundary conditions given by f, in B,(C,), 0
in B,(C,), a; in A,;(Cp), o, in A5(Cy).

Notice that here 0 only plays the role of an arbitrarily fixed reference
configuration. By Egs. (2.14)-(2.17) we get

Z,= H Z(0) Z exp[H 4(a)]

Crec(d)

x [1 [Zda4,0)17" Y explHA(B)+ W4(B, )]
B

Axea(A)

x [1 ZuABea) T] [¥elBa)+1] (2.18)

B e b(A) Crec(d)

where Z,(A4, o) and Z,(A4, B, «) are defined in the following way: If A, is
in the bulk, namely dist(A4,, 4°)>1 and C,(A4;), C5(4y), C3(Ay), C4(Ay)
are the blocks in ¢'(4,) (in lexicographic order), then

Z(A, ay) = Zi(o)
= ch(os 0, 05 <xk) ZCz(Oa 0’ Os ak)
XZC3(07 07 ak70) ZC4(03 0’ ka,O) (219)
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If A, is adjacent to the boundary 04, Z,(4, ;) is defined with the obvious
modifications. For instance, for

_(p=tp-1
K‘<2’2>

namely for the A block in the upright corner of 4,, we have
Zk(Aa o) = ZCI(O’ 0,0, ay)

Moreover, if B, is in the bulk, o, a,, a5, a4 are the configurations in
A(B), A,(B,), A5(B,), A4 B,) that form the set a'(B;) and ¢'(B;)=
Ci(By), Co(By), C3(By), C4(By), then
Zk(As ﬁk’ (X) = Z(ﬂk’ d)
:ZQ(O’ ﬁk? %y 052) ZC2(07 ﬁ/w oy 063)

X ZC3(ﬁk’ 03 al: a4) ZC4(ﬂk’ 0, *3, 0(4) (220)
Again for B, adjacent to the boundary the expression of Z is modified in
an obvious way.

Now, for any given configuration €S, and for any Qcb{4),
consider the normalized measure p, ,, on Sg given by

exp[Ho(B)+ Wo(B, 2)1 150 Z(A, By, o)

a0, P)= = 221
b D) = o TH B + WolB. 01 Ly ZelAs Broo) )
[see Eq. (2.10)].
We notice that u is a product measure:
baoB)= T1 tap..Bs) (2.22)
with '
_exp[H(ﬁk) + W(ﬁk’ fX)] Zk(A’ ﬁkn d)
HapadB) = Z, 4 2) (2.23)
where
ZBk(A’ a)= Z exp[H(Bi) + W(By, a)] Zk(A’ Bi, )
B
= S exp| H(Bo)+ W(py, )
yBk
F T HO) W /3’)] (224)
Crec'(Br)ne(d)

822/50/5-6-22
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and
Blo=Bes  Blocwosn=0
We write for B, in the bulk
Zp(A, a)=Zp (a1, 2, 23, %) (2.25)

if oy, 05, 3, a4 are, respectively, the four spin configurations in the four 4
blocks of a'(B,). Again if B, is adjacent to ¢4, we introduce the obvious
changes. From Egs. (2.18), (2.21)}-{2.23), we get

Zy= 11 Zo0) Y explH )] [] [Zil4, )7 ']

Crec(A) o Agea(A)
X n ZBk(A,“) Z Z:u/l,b’(f),oc(ﬁ) H Ve (B, o) (2.26)
Bie b(A) Feca) B Ceel

where in the sum over I” we include the case '= J and we set [, .= 1.
Now, for B, in the bulk, we use the trivial identity

ZBk(al, Oy, Oy, Olg)
=[Ppla)+1]
x Z g la1,0,0,0) Z5(0, a,,0,0)
x Z5,(0,0, 03,0) Z5,(0,0,0, o)
x [Z,,0,0,0,0)]7° (2.27)
where
Dp(a)=Dp (o, 0y, 03, %)
=750, 0, 23, 24)[Z5,(0,0,0,0)]°
x [Zg,(21,0,0,0) Zp(0, a3, 0, 0)
x Z5,(0,0,a3,0) Z5(0,0,0,a,)] '~ 1 (2.28)
If B, is adjacent to the boundary, we use similar identities. Now, if 4, is in

the bulk and B;(4,), B,(A,), B;(Ay), B.(A,) are the four B blocks in
b'(A,), we set

Z¥a,) = Z5,0,0,0, a,) Z5,(0, 0, , 0)
X 233(05 Ogs 09 0) 284(ak7 O’ 0’ O) (229)
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In general (for A, not necessarily in the bulk) we call Z}(A4, «;), @ (A4, x)
the analogous quanities [ Z¥(A4, a,) = Z*(a,), Pp (A, a) =Dy (a) for 4, in
the bulk].

From Eqgs. (2.26)—(2.29) we get

Z,= l_[ ch(()) n [ZB;((A70)]73

Crec(d) B eb(A)

xY  [1 exp[H(o)][Zi(4, 0,) " Z¥(A, )]

« Apea(Ad)

x 3 ]I ®sl4 )

Acb(A) Bred

X Y Y tarana(B) [T Polba) (2.30)

IFce(d) B Crel’

where again the sum over 4 includes 4= ¢J and [, . =1.
Now we define the probability measure v, , on S, as

expLH(o) ] [ZulAy )]~ ZE(A, )
k4 = = = - 2.31
el = S T [ Za )] ZE A D)

We set

Pia =D, exp[ H()1[Z,(4, )17 ZE(4, o) (232)

Gk

For any 2 < a(A) we introduce the product measure on Sz given by

vae(@)= [T vealo) (2.33)

Are 2

By using Definitions 2.3.1-2.3.3, we can write

Z,= [l 2q0) [] [Zp(4,017°

Crec(A4) Breb(A)

x H Pi,a Z Z ZVA,a'(Z)ua'(i‘)(“)

Area(d) Acb(d) F'ce(d) o

X [1 @ul )Y pypiryam 11 PalB ) (2.34)
B

Bred4 Crell

Now we are almost ready to write down our partition function in terms of
a gas of polymers whose only interaction is a hard core exclusion. We see
from Eqs. (2.17), (2.28) that a term ¥, corresponds to a four-body
interaction among the 4 and B blocks adjacent to C, and that the term
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&, corresponds, for B, in the bulk, to a four-body interaction among the
four 4 blocks adjacent to B,. Moreover, looking at Eq. (2.21) we see that
the measure u 4 , ., depends on the spin configurations in all the A blocks
adjacent to 3'(I"), namely in a(b'(I)); then, so to say, a ¥, term “extends
its action to the whole set a'(5'(C,)). So we define two kind of bonds:

L A C, bond is the set of 4 and B blocks given by a'(Cy), b'(Cy),
a'(b'(Cp))na(A).
2. A B, bond is the set of A blocks a(B,)na(A).

The support 7 of a bond / is the subset of Z* obtained as the union of the
blocks belonging to / [see definition after Eq. (2.8)].

Definition 2.1. Two bonds /,,/, are said to be connected if

LnL#@.

Definition 2.2. A polymer R is a set of bonds /,,..., [, that is con-
nected in the sense that Vij: 1 <i< j<k there exists a chain of connected
bonds in R joining /; to /,. The support R of a polymer R=1,,.., I, is
simply R=J%_ 17 We call £ the set of all the possible polymers with
arbitrary support in Z2 and %, the set of all the polymers such that R c A.

Definition 2.3. Two polymers R;, R; are said to be compatible if
R,n R, = . Otherwise they are called incompatible. We denote a Cx bond
or a B, bond simply by C,, B, (with abuse of notation).

Definition 2.4. Given a polymer R=Cy,,..., Cy, By, B, , Re &,
we call “finite-volume activity of R in A” the quantity

Ca —Z V. a(R) (@) H Pp,(4, a )Z#A s(Ry,a(B) H Ye (B, a) (2.35)
Bre R Cre R
For a generic polymer R =Cy,,.... Cy,, By, Bs,, Re R, we call simply the
“activity of R” the quantity

{(R)= ZV(d [T @5 Z#a ) [T ¥elB. ) (2.36)

BreR Cre R
where:
(i) v is the product measure on S; ),
v= & %
Are a(Z?)
with
exp[ H(oe)1[Z ()] " Z*(ati)

Y, expLH()1[Z()] " Z* (o)

Vi) = (2.37)
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where Z, Z* are just the expression valid in the bulk given by Egs. (2.19),
(2.29).

(i) p is a function on S, 2, with values the product measures on
Stz given by p, = @ i, With

xpLH(Be) + W(By 1) Z(Bs2)
S5 xpTH(B) + W(Br )1 Z(Brs )

and Z is the expression valid in the bulk given by Eq. (2.20).
Of course, if R is contained in the bulk of A4, then {(R)={(R).
By using Definitions 2.2 and 2.4, from Eq. (2.34), we get

B, Bi) =

(2.38)

ZA[ [ Za© [I Zs4.0" I p]

Crec{A) B e b(A) Arpea(A)
n
=1+ X IIC4R) (2.39)
nzl Ry,.,ReBy i=1
RinR=0

We see from Eq. (2.39) that the (suitably normalized) partition function is
equal to the partition function of a gas of polymers with activity { ,(R)
whose only interaction, given by the compatibility condition, is a hard core
exclusion. The normalization factor

N = l_[ ZCk(O) H ZBk(A’ 0)73 H Pak
Crec(d) Breb(Aa) Area(a)

describes our “reference system.”
From Egs. (2.3.5), (2.3.6) we immediately derive an estimate for the
activity. For, suppose that there exists A >0 such that

sup sup [Py (4, a)| <4, sup [ (B, o)l <4 (2.40)
o f

k o

then, if we denote by |R| the number of bonds in R, namely for R=
Cioes Crpy By By 0 |R| =1+ 5, we get

ISR <A™, L (R) < AH (2.41)

The following theorem is true:

Theorem 2.5. Let

Ey= 1+ Z z 1_[ CA(Ri)
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Let

1 .
@AR, ey Ry)=— Z (— 1)#edgesmg
h. geG(Ry---Ry,)

where G(R,,..., R,) is the set of connected graphs with n vertices (1,..., n)
and edges i j corresponding to pairs R;R; such that R,n R; # J (we set the
sum equal to zero if G is empty and one if n=1). If

x X
’1<Zﬁ T +xe w1 (2.42)
then:
(i) There exists a positive constant C(4),
n 12 __ N\ IR|
Y AR, R) ] {LR)<C(A) (i exp ) (2.43)
Ri,..Re# i=1
3R;=R

(i)  S,=exp [ Y Y orRi R @(R»] (244)
nzl Ry,..Ry i=1
Rica

Proof. The proof can be obtained by the standard methods of the
theory of the cluster expansion. We report here in a very short form the
basic steps of the proof. We rely on the methods and results of Ref. 7.

Consider the set I” of finite configurations X' = R,,..., R,, of polymers in
A that are allowed to be incompatible and even to coincide.

A finite configuration is a function X: # - N U {0} such that N(X)=
> rea X(R) < o0; X(R) is called “multiplicity” of R in X. We denote by &
the empty configuration given by X(R)=0 VR

The sum X, + X, of two configurations is simply given by

(X1 + X)(R)= X (R) + X5(R)
Let F be the space of real functions f on /" such that

sup |f(x)| <0,  n=0,1,.

N{x)=n

The convolution product of f|, f, € F is defined as

(f1* f2)(x)= z Ji(X1) f2(X3)

X1t+x2=x

Given fe F with f(&)#0, f~ ' is defined by
flxf=1
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where
1 ifx=
1{x)=
() {0 otherwise
Let
(15(x) = (D(Rl,.,., Rn)r‘ H C(Rz) H X(Rie R_])
i=1 i<j
where
1 if R, R’ compatible
R R)=
1R R) {O otherwise
Let
4(Y)= Y @7 N(Y)DX+Y, (2.45)
Yi+ Y=Y
Let
I,= sup Y A m (V)] (Ae )T 1R (2.46)

mznzl N(Y)=m—n

where x is a positive constant to be fixed later.

It is easy to see that the number of polymers containing a given 4 or B
block such that |R| =1 is bounded by 43’. Now, by using exactly the same
arguments that lead to the estimates given by Eqgs. (4.27) and (4.32) of
Ref. 7, we see that if, for some x >0,

43l _
1—435e "

then the statement (i) is true with x in place of (5% —1)/2. It is easy to see
that to optimize the choice of x, we have to find the positive value of x that
maximize the function

y=——e ~* (247)

We get x = (52— 1)/2. Of course, since we only control the activity via the
estimate (2.41), the statement (i) holds with { , in place of {. Statement (ii)
follows easily from (i) (see Ref. 7 for more details). We notice that we can
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use the cluster expansion theory of Kotecky and Preiss and obtain a
similar result with exactly the same condition (2.42) on 4 (see Ref. 10,

p. 493). 1

We treated explicitly the partition function with zero boundary con-
ditions, but it is clear that general boundary conditions as well as thermal
averages of local observables can be treated by similar methods (see, for
instance, Ref. 1). In particular, one can obtain a series expansion for any
quantity of interest, such as the infinite-volume free energy or the
correlation functions; exponential decay of truncated correlation functions
and analyticity of thermodynamic functions and correlation functions can
also be deduced by standard methods.

3. SUFFICIENT CONDITIONS FOR THE CONVERGENCE

In this section we give sufficient conditions for the convergence of our
cluster expension. From Egs. (2.17), (2.28), (2.39), (2.41), (2.42), we see
that, for the convergence, we need some factorization properties of
partition functions in sitable regions. The result of the following
proposition says that it is possible to deduce these properties from a very
simple factorization condition that involves only two conditioning spins.

Proposition 3.1. Let Q be a finite, connected subset of Z, 022 its
outer boundary [see Eq. (2.4)], and 7 a given spin configuration in 02
(t€ San)-

Let D,,.., D,, [>2, be disjoint subsets of 4Q and §,,..., §, some fixed
spin configurations in D,,..., D,, respectively.

Let Z2 . ,(01,..., §;, T) be the partition function in £ with boundary
conditions given by (the restriction of) ¢ in Q2\U}_, D;, and by 4, in D,,
j=1,., . (Namely, we substitute |, with J;)

Suppose that the following condition is satisfied:

Condition A. There exists a decreasing function u: Rt - R* with
lim, , ., p(x)=0 such that, for any finite £ and for any pair of sites k, k" in
0Q, we havé

sup Zﬁk’(aka ak’: T) ZQ(T) _
1,0k, 0k’ Zf(o-k’ T) Zf’(o-k’a T)

1| < p(dist(k, k7)) (3.1)
with Z9(t) simply the partition function in Q with boundary conditions t
in 0Q2; then, V1, VD,,..., D;, 0,,..., ;!

Z2 (8 01, T)[Z%(1)] !
1 — y(Dy,..., Dp) g Dy,..,D\Y'1 !
[1—u(p)] T

(3.2)
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where
p= min dist(D,, D)) (3.3)
1<i<j<!
YDy, D)= z | D] |Dj| (34)
I<i<j<!

Proof. The proof is obtained by induction on the number
N=3%,|D,|. We distinguish two cases:

(i) We suppose that the estimates (3.2) are true for D,,.., D), J,,.., &,
and we want to prove them for D,,., D, |, D; with D;=D,u {k},

015 6y 0;=1(0;,04), k being single site in I\{J/_, D;, We have
(dropping the superscript Q)

ZDI---Dj(éla"v (51’ Uk)’ T)[Z(T)][_l
[Hj[;} ZDj(éj’ 7)] Zpi((64, 04), )

:ZD1~»~D1’(513"'= (51’ Uk)’ r)[ZD[((TDp O-k)s T)][—l
[H,l;} ZDj,D[(éﬂ (tp,» 0x), T)] Zp{(8;,04), T)

= ZDj-Di(éj’ (rDls O'k),T)Z(’E)
< (zu,wj, ) Z o (T O0): r<k>)>

j=1

- l—Ll'zl ZDj(éja T(k)) ]1:[1 ZDj((Sp T) Zk(o-k’ T)
< LU+ () PP+ p(p) 151121
(= [1—p(p)]7Pr=PO[1 — p(p) 151 121) (3.5)

where 1=t for xedQ\k and t{¥=0,, p=min, ,_,., dist(D;], D)),
D/=D, i=1,.,1—-1, D;=D,u {k}. Since

-1
y(DI""’ Dl)+ Z |D]I ='y(D1,..., D;)

Jj=1

the proposition is proven in this case.

(i) We suppose that the estimates (3.2) are true for D,,.., D,
0y, 6, and we want to prove them for Dy,..., D, D,, | = {k}, 01y 01y O,
k being a single site in 02\{J!_, D,. We have
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,,,,,

[H,l‘:] ZDj(éj’ 1)1 Z(ox, T)
_ZD1 ..... Dz,k(alr": 517 Ok T){[Z(O-k’ T):] }IWI li[ ZDj,k(éj: Oy, T) Z(T)

H};}ZDJ,k(éj’ Ok> T) j=1 ZDj((Sj’T) Z (o4, T)
 Zpy o810 81, TN ZGRNTY T L Z,, (8, 04 T) Z(2)
Bl H,l-=1 Zpl9;, @) jI:_Il ZDj(5j9 1) Zi(04, 7)
< [+ () VPP + u(p)) P11
(= [1—p(p) 1 PrPI[1 — p(p)1E-1121) (3.6)

but
!
V(Dla"" Dl) + Z |Dj| =’V(D17'--’ D[’ Dk)
j=1

and so we conclude the proof. |

Corollary 3.2. Suppose that for the system described by the
Hamiltonian given by Eq. (2.1) Condition A holds with

lim p(x)x*>=0 (3.7)

Then for L sufficiently large, the bounds (2.41), (2.42) are satisfied for the

corresponding polymer model and so the result of Theorem 2.2 applies to
our system.

Proof. From definitions (2.17), (2.28), from Condition A, Eqs. (3.7),
(2.7), and Proposition 3.1, we deduce that the inequalities (2.41) are
satisfied with

A=AML)=C,L*u(C,L) (3.8)

for some positive constants C,, C,. Since by Eq. (3.7), A(L)—,_ ., 0, we
get the result. ||

Now we want to discuss the relationship between condition (3.1) and
some conditions that have been used by Dobrushin and Shlosman to get
uniqueness for lattice spin systems in the framework of their theory, which
does not make use of the cluster expansion. Given a finite 2 = Z* and two
single sites k, k' € 002, we can write

Z2 (04, 00, 1) Z2(1) _ pp(f £
Zow 1) 220k, 1) up(f ) up(f))

(3.9)
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where uf, is the Gibbs measure in © with boundary condition t [see
Eq. (2.5)] and if 4% 4%) are defined as

AP = {xeQ:dist(x, k) <ro}

, . (3.10)
A% = {xeQ:dist(x, k') < ry}
then
S m->R SR
are given by
SN0 qu0) = exp[ W 40 1(0 400, 51) — W 40 1(0 40, T,)] G.11)

SNa qu1) = exp[ W 461,1(0 4009, G ) — W 400,4(0 500, Tpe') ]

Let Q=0,0Q, (2,n2,=) and let uj, 5 (04,106,,) denote the Gibbs
conditional measure on S, given o, in £, (and 7 in 0£2). Given £, strictly
contained in 2, let g5, ,.(00,0,) denote the relativization of the measure
B o, t0 Sq,, namely

q5,93(093 log,)= Z ﬂf),gl(agl\m, 00,100,) (3.12)
T01\03 € S0p\03
Similarly, for Q* strictly contained in Q
Uo,o(0gx)= Z u;;(O'Q\Q*, Gox) (3.13)
Q\Q*
We can write

ﬂ}z(f(k) fEN= Z I’L;?,_Q\A(k')(o-[)\lj(k') |6 409)

7Q

X g0 401) [0 qm0) (0 4000)

= Y [45 (0400 40)

a 4lk)a 4(K')

— Y G5 a0 40| 0 %00)) py gue(0Ku)
o5k

+ Z g5 409(0 40| T %) ug 4u(0%0n) ]
k)

X o 46(0 41) F8N0 400) f9(0 400)
= kA (™) e (/)

+ Y, Lg%, 400 41| 6 400) — GG 40/(T 40| T %) ]
TAK)O4(k')O J(k')

X U 460 %) 1, 4010 400) [E(0 400) 50 4000) (3.14)
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Now suppose that the following condition B is satisfied.

Condition B. 3 a decreasing function u*: R — R":V finite Q = Z?,
Vk, k'€ dQ:

sup g5, 40(0 40| T 40) — g 40 400 T %)
(04(k) T 4KV O (k"))
< p*(dist(k, k) (3.15)

Then by Egs. (3.9), (3.14) we see that condition A is satisfied with
u=Mp* where M is a suitable positive constant. On the other hand, it is
easy to prove the inverse implication.

For given Q, consider a set 4 in Q:dist(4, 0Q)=1 (namely 4 is
adjacent from the interior to the boundary) and a site y in 0.

Given t€ S50\ 4y, 0,, 0, € {0, 1,..., n}, consider the relativization to S
of the Gibbs measure in £ with boundary condition ¢, in y and 7 in 0Q\ y
(we simply write 7 to denote the restrictions 1,5, 750\, as well):

qg,4(0'4|0'yf)= Z ﬂgz(ag\m 04)
o4 E SO\

If
floy, t)=exp[H,(o,)+ WA,@Q(O'Aa )]

and Z?\4(1) is the partition function in 2\4 with boundary condition 7, we
can write [if dist(y, 4)>rq]

N CIRY - IR
Al =S e, 0 2830, 0, 1)
Z3MNa 4, 0,,1) ZQ\"(I)]
Z3 0,4, 1) 20 (0, T)
Z5\ (0, 0,, 1) Z2V(T)
Z§N oy, t) Z8 o, 1)

=Pwmn2$%@w

%Y (0’4 1) Z2(a,7) ]_1 (3.16)

If condition A is satisfied with u: p(1) is sufficiently small, then from
Eq. (3.16) and Proposition 3.1, we deduce, Vo, 0,, 6,, 1:

, v¥(dist(4, y))
|qQ,A(UA I O-yt) - qQ,A(GA l O-yr)l < 4 1— V*(dlst(A, y))Z (317)

where

v¥=max[(1+ M) — 1, 1 - (1 - Mp)*']- M
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for a suitable positive constant M, and so Condition B is satisfied with
u*=Mv* (M is a suitable constant). Condition B is implied, with
p*(p)=0-4rk exp(—yp), by condition Illc of Ref. 5:

Condition Illc of Ref. 5. ¥ finite Qc Z?, VA<= Q, ye i, 1€ 8,0,
SUp 19 4(6410,7) —qo lo4l0,7) <Oexp[—ydist(4, y)]  (3.18)

04,0y,0,

[see Eq. (2.24) of Ref. 5. In Ref. 5 the authors prove analyticity properties
on the basis of ten equivalent conditions, one of which is Condition IIlc. In
particular, they give a so-called “constructive condition” (Ille) in which the
bound (3.18) is required to hold only for |Q2| < N, for some N that can be
explicitly estimated. The authors remark that this explicit estimate involves
very complicated calculations. In our case, if we assume Condition B,
with p* like u in Eq. (3.7) only for |Q| < N, it is very easy to estimate
the minimal N for which we get analyticity: it is sufficient to use
Proposition 3.1 for || <N and then for 1 as in Eq. (3.8) the inequality
(2.41).

To conclude, we can say that our finite-size condition [Egs. (2.40),
(2.42)] can, at least in principle, be used to get a computer-assisted proof
of analyticity and it is reasonable that for sufficiently large size it works in
the intermediate temperature region.

On the other hand, it seems to be possible to prove theoretically for
general ferromagnetic spin systems over T, some weaker form of condition
A and to improve our methods in order to get a general theoretical result.

NOTE ADDED

After the completion of this work I became aware of an interesting
new paper by Dobrushin and Shlosman”? in which they give explicit
estimates of the minimal sizes for which their constructive condition has to
be satisfied in order to get analyticity.
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